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glass tube, have a comparatively feeble catalysing power ; fractured surfaces^ 
however, cause the recombination of the atoms, and are strongly heated. 

The action of water-vapour or oxygen in enhancing the Balmer spectrum, 
and suppressing the secondary spectrum of hydrogen, is probably due to its 
action on the wall of the tube, which, when dry, catalyses the atomic 
hydrogen as fast as it is formed by the current. 

The peculiar spectroscopic phenomena observed with long hydrogen tubes, 
and described in an earlier paper, are explained. 

Methods are suggested for determining the physical and optical properties 
of atomic hydrogen gas. 
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The scattering of ^-rays by thin sheets of matter has been the subject of a 
number of experimental and theoretical investigations in recent years. 
J. A, (Urowther and B. F. Schonland* give a good summary of the principal 
results so far obtained, together with an account of a new series of measure- 
ments. 

Crowther and Schonland regard their experiments as decisively in favour 
of the theory of "single scattering," which was shown by Rutherford to 
account for the scattering of a-rays by thin plates in a thoroughly satis- 
factory way. In the case of a-rays the fraction of the rays scattered through 
considerable angles is very small, and it is on this that the success of the 
theory depends. In the case of ;8-rays the fraction scattered is very much 
larger, and it is difficult to believe that " multiple scattering " can be 
neglected. 

On Rutherford's theory of single scattering each ray is supposed to be 
deflected by a single collision with an atom. The number of collisions is' 
clearly proportional to the thickness {t) of the sheet, so that the fraction 
scattered through more than a given angle is also proportional to the thick- 
ness and 

I/Io= 1-H (1) 

where I denotes the number of rays deflected through less than a given angle, 
lo the number of rays incident on the plate, and >b is a constant. 

* ' Roy. Soc. Proc./ A, vol. 100, p. 526 (February, 1922). 



10 Mr. H. A, Wilson. 

The constant h is found to be proportional to the square of the cotangent 
of the scattering angle (<^), so that if we take this angle very small, 
equation (1) makes I/Iq large and negative, which is impossible. This 
equation therefore only applies to large angles of scattering. Small deflec- 
tions are neglected on the. single scattering theory. 

So long as I and To remain nearly equal and <^ is not too small, equation (1) 
is satisfactory, but it is easy to see that it must be replaced by 

I/Io = e-^^^ (2) 

when I differs appreciably from Iq. Thus in one of Orowther and Schonland's 
experiments two gold foils scattered about 30 per cent, of the yS-rays, and one 
foil scattered about 14 per cent. Now, if the first foil scatters 14 per cent, of 
the incident rays, then only 86 per cent, remain to be scattered by the second 
foil, so that we should expect the second foil to scatter 14 per cent, multiplied 
by 86/100, or 12 per cent, and not 14 per cent. Of course, the 14 per cent, 
scattered by the first foil passes through the second foil, and we should expect 
14 per cent, of these, or 2 per cent., to be scattered a second time. This 
second scattering, however, is, roughly speaking, as likely to decrease the 
deflections as to increase them, and so can be neglected. 

It is clear that when a considerable percentage of the rays is scattered then 
the exponential equation will represent the single scattering theory better 
than the linear equation. The two equations, of course, become identical 
for large values of ^ when the fraction of the rays scattered is very small, 
a,s is the case with a-rays. Equation (2) also has the advantage that it makes 
I/Io equal to zero when ^ = 0, which is clearly correct. 

When a ;8-ray passes through a thin sheet we should expect it to make a 
large number of collisions with atoms, so that we should expect scattering, 
due to the cumulative effect of many deflections. This idea is the basis of 
the '' multiple scattering " theory which was put forward by J. J. Thomson in 
1910. J. J. Thomson based his calculations on the theory that an atom consists 
of a solid sphere of positive electricity, inside which negative electrons move 
about, but the equation obtained is independent in form of any special theory 
as to atomic constitution. J. J. Thomson obtained the equation 

I/Io = l-~6-'^^/^ (3) 

where I/Io is the fraction of the /3-rays remaining inside a scattering angle j> 
after passing through a plate of thickness t. 

Crowther and Schonland considered that their results were decisively in 
favour of equation (1) as against equation (3), and conclude that the " single 
scattering " theory represents the scattering of /3-rays when I/Io is greater 
than one-half. 
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Accordiag to what has been said, the equations which represent the two 
theories should be (2) and (3) and not (1) and (3), so I have compared the 
results given by Crowther and Schonland for gold with (2) and (3). 

To do this the values of t~~^ log lo/I and t log Io/(Io — I) were calculated. 

(6) 
l/io. 

(Oak.) 

0-89 
0-67 
0-52 
0-43 
0-36 

The first column of the above table contains the values of I/Io obtained 
from the curve given by Crowther and Schonland for ^ = Oil. The second 
column gives the number of gold foils through which the /3-rays were passed. 
The numbers in the third column should be constant if equation (2) represents 
the results, and the numbers in the fifth column should be constant if 
equation (3) represents the results. It appears that either of the two 
equations can be used to represent the results about equally well. 

The mean value of t loglo/(lo — I) is 0*97, and if we put this value in the 
equation (3) of the multiple scattering theory and use it to calculate the 
values of I/Io, we get the numbers given in the last column of the table. 
The mean value of ^""Moglo/I is 0*0826, and using this with equation (2) to 
calculate I/Io we get the numbers given in the fourth column. 

Both sets of calculated values agree fairly well with the observed values 
given in the first column, but the numbers calculated by the equation of the 
multiple scattering theory agree rather better with the observations than those 
calculated by the single scattering equation. 

It seems quite clear that these results cannot be regarded as disproving 
the multiple scattering theory. 

The following table contains a similar comparison of Crowther and 
Schonland's results with ^ = 0*145 with equations (2) and (3) :— 
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In this case the agreement between the numbers in the last column, 
calculated by equation (3), with the observed values, is not as good as in the 
first case ; but equation (2) also does not represent the observations very well, 
as is clear from the way in which the values of t~^ log lo/I increase with t. 
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The values of I/Io in this case agree nearly with equation (1), which does 
not represent either of the two theories, except when I/Io is very nearly equal 
to unity. It seems fair to conclude that these results do not enable us ta^ 
decide between the two theories, but that they agree rather better with the 
multiple scattering theory than with the single scattering theory. 

In view of this, it seemed to the writer worth while to work out the theory 
of multiple scattering of y^-rays on the basis of Rutherford's nucleus theory of 
the atom, and to compare Crowther and Schonland's results with this theory 
as well as with the single scattering theory. 

The theory of the motion of an electron near a positive nucleus has been 
worked out by 0. Gr. Darwin, on the assumption that the total energy of the 
electron, when moving with a velocity 'y, is equal to m(l--/S)"^, where m is 
its energy when v = and is assumed constant, /3 =:v/c, and c denotes the 
velocity of light. This formula gives the variation of the energy with v when 
the electron is far from other charged bodies, but when it is very near the 
positively charged nucleus, m is diminished and so does not remain constant. 

Suppose an electron, consisting of a sphere of electricity of amount e and 
radius a, is at rest at a distance r from a positive nucleus, consisting of a 
sphere of electricity of amount E and radius h. The electrostatic energy of 
the system is then 

In addition there is the internal energy of the charges which is- 

1 e^ IW 

-4- - -— . The total energy is therefore 

b a b 

2^2 2E2 ^E 
— — -}- „ — -|- ^ 

3a 3 6 t\ 

2 e^ . 
The energy - --■ is located very close to the electron since its density varies 

inversely as the fourth power of the distance and the same is true ol' 

2 E^ 

^ -^. The energy 6E/7% however, is distributed in a symmetrical manner 

o 

about the two charges, and its density very near either of them varies 

inversely as the square of the distance. This energy cannot therefore be 

2 e^ 
regarded as moving with the electron like the energy ~ — , 

When T is small most of the energy E^/r is near the charges so that since 
its distribution is symmetrical it may be approximately true to suppose one- 
half of it to be associated with the electron and to move with it, and the other 
half to be associated with the nucleus. 



071 the Scattering of fi-Rays, 13 

Making this approximate assumption we have the energy of the electron, 
when it is at rest, equal to -- + —-, so that when the electron is movinsj with 
a velocity v its energy may be taken to be 

Suppose an electron starts towards a nucleus from a great distance with an 

initial velocity % so that its initial energy is m(l— /3o^)~3 where m = ^ — 

a,nd y8o = VqJc. 

Then assuming the total energy remains constant and that the nucleus is 
fixed we have 

The kinetic energy of the electron is equal to 

m + J) ((1-/3^^-1) = m((l-y8oT^-l) -^. 

Thus the kinetic energy on this theory has the same value as on the usual 
form of the theory. 

The angular momentum of the electron about the nucleus is equal to 

m 4- 1 2/9 _ 

where I = 'Ee/2r, and is the angle r makes with a fixed radius in the plane 
of the orbit. 

The energy equation gives 

m —I 
where m' = m (1 — y8o^)~3 so that 

1 

jP = ~ {m' --1)t^6. 

c 



On working out the equation of the orbit in the usual way we obtain 

Eg 
2p^c^ 



^ = - oTiTi (^^ + ^^^') (1 + e cos 0) 



where u = r"^ and e denotes the eccentricity. Thus, the orbit in the case 
considered will be a hyperbola, just as though the mass of the electron 
Temained constant. 

Thus, on the present theory, the complications of the usual theory do not 
.appear even when the velocity approaches that of light. 

The kinetic energy of the electron has the usual value, but its total 
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energy is equal to ??i(l— /3o^)~^_-.E^/2r or (??i + E^/2r)(l— y82)~Hnstead of 

According to J. J. Thomson's theory of multiple scattering the number of 
electrons remaining inside an angle c^ is given by I/Io = 1 — e~*^"/^'* where Id 
is equal to the average value of the sum of the squares of all the deflections 
of a yS-ray while passing through a plate of thickness t. 

If we assume that each atom consists of a nucleus with a positive charge^ 
equal to the charge on one electron multiplied by the atomic number N, 
surrounded by N" electrons, and neglect the field due to the electrons, then the 
scattering on the multiple theory comes out very much greater than that 
observed. It is clear that the electric field of each nucleus cannot be supposed 
to extend to infinity, but must be regarded as extending only as far as the 
surrounding electrons. The electrons limit the field of the nucleus and so 
diminish the scattering. 

To get an approximate theory of scattering I have assumed each atom to 
consist of a positive nucleus with a charge N^ surrounded by a hollow sphere 
of negative electricity of amount K^ and radius E. The field inside E is then 
that due to the nucleus, and outside E it is zero. 

Actually the electrons are probably arranged in several layers of different 
radii. The value of E obtained by a comparison of the theory with 




the observed scattering will, therefore, be a sort of average value. Also if 
some of the electrons are very near to the nucleus the yS-rays may not pass 
inside them, so that the scattering may be the same as that due to an atom 
with a nuclear charge less than IST^. 
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In the figure let the nucleus be at S, and let the circle ABC represent the 
sphere of negative electricity of radius K. Also let EABF be the path of a 
yS-ray. Let EA and FB produced meet at G, so that the angle FGK is the 
angle of deflection ^. Let SN be perpendicular to EK, and let SIST = h. 

Let the equation of the path inside the sphere be Lr~^ = l + ecos^, so 
that the equation of EA, which is the tangent to the conic at A, is 
Lr~^ = 6Cos^ + cos(^— 56 — ^/2), where a denotes the angle ASN". 

At A, r = E so that LR~^ = 6COs(a + <^/2) + l. If r = co we get 

d = ^+^ and 

^ fcb , 7r\ , /<f> , TT 6\ sin a 

= 6Cos(| + -) + cos(|+--.-f) or . = ^j^^^. 

Hence LR~^ = l + .JHLfL^ cos (^.-l-<^/2). 

sm ^/2 ^' 

But cos a = h/R so that 

L=|+/.V(l-S)cotf. (4> 

Kow L = —2p^c^/Ee(;}n-{-in), where m' denotes the total energy of the 
electron at r = oo in the hyperbolic orbit. The initial energy of the electroti 
when the nucleus is surrounded by a negative sphere is equal to the energy 
in the orbit at r = R, and so is given by 

where I' = E6/2E. 

Hence L = -—- — , ,. ,,. 

and p = m''v'h/c^, 

where v' denotes the initial velocity of the y8-ray, so that its initial momentum 

///to 

is m V /r. 

^''^® E6 (m + m'' + V) c' E^ 

where I = -, — tt-tttt?- 

Unless E is less than 10"^^ cm., E6/2E is negligible, so that T = m'^—m, 
which is the initial kinetic energy of the /3-ray. 

Let h = -E^/2T so that L == ¥lh 

With (4) this gives 

"When a /3-ray passes through a plate of thickness t, containing n atoms 
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per unit volume, the number of collisions it makes for wiiicli h is between h 
and h + dh is 27rnthdh. If (f) is the deflection corresponding to h, then the 
sum of all the values of (j)^ is given by 

rll 

%^^ =: 27r7ithi^^dh, 
Jo 

Substituting the value found for /z. and putting ^(f> = x, we get 

'T* t 9 O ± 9T^9 I oill tXj v/OS Jii (A/J.j 

2^0^ = h7r7lt(X>hj I 7 5 ; _—__ — _ 

^ Jo {qob'^ X -{■ a"^ m.ir xf 



where a = -- — 1„ 
k 



Integrating by parts we get 

wnt 
a^—1 \ In cos^^ + ^^sin^^ '^a? \ 



V/A2 — ^Trnta?W f f""^^^ xdx ir^ \ 



^^2 ')2dx logo + l logl^+J: , * 



a » 3 ' 



Jo cos'^i' + ^'^sm'^a^ a- oa^- 

When «x is large compared with unity we have therefore 

^ a^ 1. ^ 8J 

Putting in (X = '-j!^ and /c = — 7^ = -Km we get 

2<^^ = 27rti-^(^~j l^logli+log^^ + l- g^J^. 

Then according to the multiple theory of scattering 

I/Io = l-e~*W\ 

An examination of the integral in the expression for 2(jb^ shows that on 
this theory when a is large nearly all the scattering is due to the numerous 
small deflections. Large single deflections are so rare that they contribute 
little to the value of 2^^. 

When t is very small the number of collisions will be small, so that 2^^ 
will not be equal to the calculated value which has been got by supposing 
that there are very many collisions corresponding to the values of li between 
li and h + dh. But the average value of S^^ for a large number of /3-rays will 
still be equal to the calculated value. 

The value of S^^/^ will now be calculated for j8-rays passing through gold. 
The density of gold is 19*33; and its atomic weight 197*2, so that, since the 

^ I am indebted to Prof. P. J. Daniell, of the Eica Institute, for tbe evaluation of 
this integral. 
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mass of one atom of hydrogen is 1*65x10""^^ grm., we have for the number 
of atoms of gold per cubic centimetre 

197*2 X 1-65 X 10-24 

The kinetic energy of the ^-rays used by Crowther and Schonland was that 
due to a potential difference of 4*59 x 10^ volts, or 1*53 x 10^ electrostatic units. 
For gold,N = 79, which, with e = 4*78 x W^^ gives (Eey2Tf = 1-53 x IQ-^^. 
Hence, if %cl>^/t = K, then 

K = 228-4 {24-97+ 2-30 logioE}. (6) 

The average value of K given by Crowther and Schonland's results used 
earlier in this paper can be easily calculated. 

With ^ = 0*11, their results give 0*97 for the mean value of ;^ log Io/(Io--I). 
This gives 

8-48 X 10-« x 0-97 x 2-303 

where 8*48 x 10""^ is the thickness of each gold leaf. With ^ = 0*145 in the 

same way, 

K = 736. 

The mean of these two values is 686. Crowther and Schonland also give 
the value of (jb^/^^ for these rays for gold, where t^ is the thickness which 
scatters half the rays. With I/Io equal to one half, we have 

log 2 . t,n 

Crowther and Schonland give ^^/t^ = 470, which gives K = 680, and so 
agrees nearly with the value calculated directly from their values of I/Iq. 

If we assume K = 683, we can calculate E by means of equation (6). 
The result is E = 2-2 xlO'^^ em. With this value of E, the theory of 
multiple scattering agrees with the scattering observed by Crowther and 
Schonland. 

This value of E is probably too small, since the radius of an atom of gold 
is probably about 10"^ cm. It is probable, therefore, that an appreciable 
fraction of the electrons in the atom are inside most of the orbits of the 
/3-rays. Let / denote the fraction of the electrons which are outside the 
orbits, so that fSe is the effective value of the nuclear charge. Then we 
have by (6) 

E: = 228-4/2 {24-97 + 2-30 logioE-2-301ogio/}. 

With K = 683 this gives 

logio E = ~ 10-84 + 1^+ logio/. 

/ 
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The following Table gives some values of / and the corresponding values 
of E : — 
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Thus it appears that E varies very rapidly with /, and is equal to about 
10""^ cm. when/ = 0'65. 

When /= 0*65 the effective nuclear charge is 51^. If, then, we suppose 
that 51 of the electrons are outside the /3-ray orbits at an average distance 
from the nucleus of 10*"^ cm. and the remaining 28 inside the orbits, the 
theory accounts for the observed scattering. This seems to indicate that most 
of the electrons are near the surface of the atom, for the greater part of the 
scattering is due to collisions in which h is nearly equal to E, so that the 
deflection is small. 

It seems clear that the theory of multiple scattering is adequate to accoimt 
for the facts considered. 

The single scattering theory will now be discussed. The number of 
collisions for which h is less than a given value made by a ^-ray in passing 
through a plate of thickness t is equal to wlihit, where n is the number of 
atoms per unit volume. In the case of single scattering through considerable 
angles the influence of the sphere of negative electricity becomes negligible, 
so that equation (6) reduces to 

which is the same as the equation used by Eutherford for a-rays. 
If 1,0 denotes the intensity of the incident rays, then 

I/Io = e--ff»ii(E«/2T)8cot2(|>/2 _^ ^~k'%^ 

The mean value of i^~-^loglo/l got from Crowther and Schonland's results 
for gold with ^ = Oil is 0*0826, which gives V^^ == 271. Substituting the 
values of n, E, e, and T, we get 

If we su|)pose that the effective value of the nuclear charge is /N"e, then 

f = 271/114, so that / = 1*54. 

'Thus it appears that the observed scattering is considerably greater than 
tllhait calculated on the single scattering theory. 
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The two theories, of course, are not mutually exclusive. The single 
scattering theory is clearly correct for very thin plates and large scattering 
angles, and the multiple scattering theory is clearly correct for thick plates 
and small scattering angles. It ought to be possible to work out a theory 
which would apply to plates of any thickness and to any scattering angles. 

The multiple scattering theory in the case of rather thin plates does not 
take into account the large deflections, and the single scattering theory neglects 
the small deflections. It seems, therefore, that a more complete theory can 
be obtained by taking the product of the expressions for I/Iq on the two 
theories, so that 

I/Io = (1 - e-<^'/^0 €-^'^^^^'^f^ 

where k = 27rnf' [^—j |^log _^+ 1 — ^ 

and // = i7r?i/2(NeVT)2. 

This equation would evidently agree with Crowther and Schonland's 
experiments, but would require a slightly smaller value of the factor / than 
0*65. It is clear that the single scattering theory is only applicable when the 
factor 1 — 6~*^^/^* does not differ appreciably from unity. When the multiple 
scattering factor is one half the single scattering factor is about 0*9, so that 
the multiple scattering is then much more important than the single 
scattering. 

Taking/ = 0*6 and E = 1*1 x 10~^ the following values of the two factors 
in the above expression for I/Io are obtained. 
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The first column gives the thickness of gold in centimetres. The second 
column gives values of e""^*^^* which is the single scattering factor for gold 
when (j) = 0*11. The third column gives the multiple scattering factor for 
the same case, and the last column the product of the two factors. Thus, for 
thicknesses up to 3 x 10"^ cm. multiple scattering can be neglected, but with 
thicknesses above 10~^ cm., the multiple scattering is greater than the single 
scattering. The values of I/Io in the last column indicate an amount of 
scattering nearly equal to that observed by Crowther and Schonland for gold 
with (j> = 0-11. 

It appears that when both single and multiple scattering are taken into 
account, then if we assume / = 0*6 and E = I'l x 10"^ the theory agrees 
with the observations. 

c 2 
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In an earlier paper* Crowther described a number of measurements of the 
scattering of /3-rays, and obtained values of ^/'\/{tni) nearly double those found 
for the heavier elements in the more recent work. In the earlier work larger 
scattering angles were used, and Crowther and Schonland state that they 
have recently found that with larger angles the scattering increases, and 
becomes equal to that previously observed by Crowther. 

Since, on the theory proposed in this paper, the scattering for gold 
observed by Crowther and Schonland can be explained by taking / = 0*6, 
it follows that the larger scattering observed by Crowther, and recently 
confirmed, will require / to be nearly unity. 

We may suppose that, as the scattering angle is increased, the ^-rays 
approach nearer to the nucleus, and so get inside more of the electrons, so 
that the effective nuclear charge increases. 

With the single scattering theory employed by Crowther and Schonland, 
the scattering calculated for gold was nearly equal to that observed in the 
more recent experiments, and less than half that observed in the earlier 
experiments, although the effective nuclear charge was supposed to have its 
full value, so that they could not explain the increase of the scattering 
with ^ as being due to an increase in the effective nuclear charge. - 

It appears that the theory proposed in the present paper is supported by 
Crowther and Schonland's experiments. If the usual form of the theory of 
the motion of an electron near a positive nucleus is used, instead of the 
modified theory suggested here, the calculated scattering is increased, so that 
the factor / has to be taken smaller in order to account for the facts. 

The modified theory has the advantage of simplicity, and may be approxi- 
mately true for electrons moving with high velocities when near the nucleus, 
but the success of the Bohr-Sommerfeld theory of spectra shows that the 
modified theory is not applicable to electrons moving comparatively slowly. 
For the purpose of explaining the scattering of /8-rays the modified theory 
appears adequate, and I used it here because of its simplicity, since it is clear 
that the usual theory and the modified theory explain the facts equally well 
and merely require different values of the factor/. 

Crowther and Schonland state that in the case of aluminium and copper 
their results agree slightly better with the assumption that the mass of the 
electron is constant than with the theory that it varies with its velocity as 
required by the theory of relativity. The results of the modified theory used 
here are the same, as regards scattering, as those of the theory of constant mass 
so that Crowther and Schonland's results appear to support the modified 
theory to some extent. 

•^ ' Eoy. Soc. Proc.,' A, vol. 84, p. 226 (1910). 



